Abstract: We study nonlinear continuous-time consensus protocols for networks of agents, described by a single-integrator model. The network topology is fixed and connected, but the communication and measurement delays may present. Using the absolute stability methods, we obtain effective condition for convergence of such consensus protocols, given the couplings to satisfy sector inequalities.
nearby flockmates. The second of Reynolds' rules requires the agreement between the agents velocities. Another example of consensus problem is a problem of headings alignment in particles ensemble, investigated by Vicsek (Vicsek et al. (1995) ). The history of consensus problems, as well as further applications, may be found in Blondel et al. (2005) , Jadbabaie et al. (2003) , Moreau (2005) , OlfatiSaber and Murray (2004) , Olfati-Saber et al. (2007) , Ren and Beard (2005) , see also references therein.
It is well known that presence of delays which are inevitable in communication systems may cause instability effect and, in particular, destroy synchronization dynamics. This is the reason for serious efforts made in recent years to investigate the dynamics of networked systems, and in particular, the consensus protocols with delayed couplings, see e.g. Moreau (2004) , Olfati-Saber and Murray (2004) , Chopra and Spong (2006) , Sun et al. (2008) , Bliman and Ferrari-Trecate (2008) , Xiao and Wang (2006) , Michiels et al. (2009 ),Münz (2010 etc. Special type of consensus algorithms for the delayed oscillator networks were investigated in Yeung and Strogatz (1999) , Earl and Strogatz (2003) . Nevertheless, a number of questions still remain open even for the networks of simplest dynamical agents with the first-order dynamics in the presence of communication delay. While the case of linear delayed couplings was deeply investigated in Olfati-Saber and Murray (2004) (the case of fixed topology and time-invariant couplings) and Moreau (2004) , Qin et al. (2009) for the case of switching topology, the convergence of consensus protocols with nonlinear couplings still remains almost unexplored. In the same time multi-agent systems coming from nature (e.g. oscillator networks or swarms and flocks) are nonlinearly interconnected, and the investigation of nonlinear consensus protocols is essential for understanding of such systems dynamics.
Below we consider investigate delayed consensus protocols for undirected networks of first-order with fixed topology. Unlike known results Olfati-Saber and Murray (2004) , Bli-man and Ferrari-Trecate (2008) addressing the case of linear couplings, we investigate the case of nonlinear uncertain couplings which satisfy sector conditions. Using absoulte stability theory methods, we give sufficient conditions for convergence of such consensus algorithms.
PROBLEM STATEMENT AND MOTIVATION.
As usual, by a graph we mean a pair G = (V, E) of an abstract set V = {v 1 , v 2 , . . . , v N } whose elements are called vertices or nodes of the graph, and a set E ⊂ V × V called the set of arcs or edges. We call the graph undirected if with any arc e = (v 1 , v 2 ) ∈ E it also contains the inverse arc e = (v 2 , v 1 ). Below we assume all graphs to be undirected and contain no loops, i.e. edges of type (v, v) . An arc e = (v 1 , v 2 ) ∈ E is said to connect vertices v 1 , v 2 , the vertices connected with an arc are said to be neighbors or adjacent in the graph G. As usual, the undirected graph G = (V, E) is said to be connected if any two vertices v 1 , v 2 ∈ V may be connected with a path, i.e. there exists a sequence w 0 , w 1 , . . . , w k with w 0 = v 1 , w k = v 2 and (w j , w j+1 ) ∈ E for each j = 0, 1, . . . , k − 1.
Denote by G N the set of all undirected graphs with the vertices V N = {1, 2, . . . , N }. For any G ∈ G N and j ∈ V N let N j (G) ⊂ V N stand for the set of all nodes, adjacent to the node j.
Following Olfati-Saber and Murray (2004), we say a pair (G, x) , where G ∈ G N and x = col(x 1 , . . . , x N ) ∈ R N to be an algebraic graph, or network with value x and topology G. The magnitude x j ∈ R is called the value of the node j and may have different nature: opinion, spatial coordinate, heading, linear or angular velocity, temperature and so on. A vertex with associated function x j (·) is also referred as an agent.
Below we consider dynamic networks (G, x(t)) with fixed graph G and the values of nodes governed by the single integrator model
where u j (t) are control inputs. The graph G determines the pattern of communication links between the agents, i.e. the control input u j (t) may depend on the values of own and neighbors' states only. A non-anticipating control law, expressing u j (t) in terms of the measured values of
only, is called a protocol concordant with the network topology G.
In the problems considered below the control objective is to achieve am asymptotic consensus (or agreement) between the agents. We say the protocol to provide the asymptotic consensus if for any 1 ≤ i, j ≤ N one has
For the class of protocols considered below (2) is equivalent to the so called average consensus condition, meaning that x j (t) have common limit
The simplest consensus protocol investigated in numerous papers (see Olfati-Saber and Murray (2003) , Olfati-Saber and Murray (2004) , Olfati-Saber et al. (2007) , Chopra and Spong (2006) to mention a few) in linear and nonlinear versions is as follows:
Here (ϕ ij (x)) is a family of functions, called couplings. The coupling ϕ ij (x) describes the "attraction" strength between the i-th and j-th agents (provided they interact with each other), so the right side of (3) is a "resulting" attraction from the neighbors applied to i-th agent. The couplings typically satisfy the inequalities ϕ ij (t, x)x ≥ 0. This means that if x j (t) − x i (t) is positive, the attraction term ϕ ij (t, x j (t) − x i (t)) helps to increase x i , and vice versa. Typically ϕ ij (0) = 0 so any point x = col(a, a, . . . , a) is an equilibrium of the closed system (1),(3).
Although the linear protocols (3) (ϕ ij (x) = a ij (t)x) are deeply investigated (in both undirected and directed topology cases) are sufficient for a number of control applications, studying nonlinear protocols of general type is of high importance. For instance, coupled oscillators networks, as well as algorithms of swarming (Olfati-Saber (2006)) and heading control of UAV (see e.g. Klein et al. (2008) ) involve the consensus dynamics (1), (3) with nonlinear and periodical couplings ϕ ij (e.g. ϕ ij (x) = A sin x in the celebrated Kuramoto model, see Kuramoto (1984) ,Strogatz (2000)). Even using linear protocols, one has to take unknown nonlinear errors in the measured data into account, which lead to an uncertain nonlinear dynamics.
Besides nonlinear nature of the couplings, a communication delays in the network are to be taken into account. Actually by the moment t, controller of the i-th agent may obtain the state of j-th agent a the time t − τ ij (t). We consider throughout the paper the simplest case only when the delays in different communication links (corresponding to the graph arcs) to be equal and independent of time:
Also we assume that own state value is also delayed. In this case the closed loop system dynamics is governed by the equations as follows
Note that other measurement delay models are often considered. For instance, dynamics of the form:
has been investigated in a number of papers Earl and Strogatz (2003) , Yeung and Strogatz (1999) , Chopra and Spong (2006) , Papachristodoulou et al. (2010) . Unlike the protocol (4) studied in the present paper, the algorithm (5) under some natural assumptions is known to converge for arbitrary large delay. In the same time, the protocol (5) typically does not provide the average consensus. Moreover, to implement the protocol (5) one has to measure the neighbors states x j (t) while (4) requires only the deviations x j − x i to be measured. This may be crucial in the decentralized coordination problems for a group of vehicles without global reference frame when only relative position measurements are available and thus the protocol (5) is not applicable. Investigation of more complicated delayed consensus algorithms with linear couplings, including the models with multiple and distributed delays can be found in Michiels et al. (2009 ),Münz (2010 , see also the references therein.
Below we investigate the protocol (4). The case of linear time-invariant couplings ϕ ij (x) = a ij x has exhaustively analyzed in Olfati-Saber and Murray (2004), Theorem 10. It was shown that it is necessary and sufficient for the asymptotic consensus the delay being sufficiently small, and the precise bound for maximal possible delay is as follows. Consider a matrix
referred as the weighted graph Laplacian. Theorem 1. The protocol (4) provides the asymptotic consensus if and only if
where λ max stands for the greatest eigenvalue. The condition (7) being valid, the convergence rate in (2) is exponential.
Recently a very important LMI criteria for convergence of linear protocols (4) with the time-varying and directed topology has been obtained in Qin et al. (2009) , Yu and L.Wang (2010) . Our goal is to investigate nonlinear protocols with uncertain couplings ϕ ij (x), satisfying the sector inequalities.
An efficient upper bound for the delay τ , guaranteeing the convergence of the consensus algorithm (4) with switching topology and couplings satsifying certain sector condition, was obtained in Proskurnikov (2010) . The latter estimate appears to be too conservative for fixed topology case and may be seriously improved.
3. MAIN RESULT.
Below we consider dynamical network (G, x(t)) with value x(t) evolving accordingly to (1),(4). Here couplings ϕ ij are not supposed to be known, but we make only assumptions as follows.
Assumption 1. (Symmetry of the couplings) For any 1 ≤ i, j ≤ N and x ∈ R, t ≥ 0 one has ϕ ij (x) = −ϕ ji (−x).
Assumption 2. (Sectorial condition) There exist numbers
Remark 2. Assumption 1 combined with (4) immediately implies that the average statex(t) = (x 1 (t) + x 2 (t) + . . . + x N (t))/N remains constant. If the consensus condition (2) being valid, each of the states x i (t) tends to the valuē x(0) and therefore the protocol may be used for distributed computation of the average valuex(0).
Note that without loss of generality, we may assume that the initial data x i (t), t < 0 are L 2 -summable functions:
(otherwise we may shift the initial time and consider our system on the ray [τ ; +∞) instead of [0; +∞)).
Supposing (8) to be valid, we show that besides the asymptotic consensus (2) a stronger convergence condition holds, namely deviation functions |x i (t) − x j (t)| are uniformly bounded in the L 2 -norm with a bound depending on the initial data only. We say the protocol (4) to provide L 2 -consensus if a constant C > 0 exists such that
We give below a sufficient condition for the L 2 -consensus (9) with the constant C common for all families of couplings ϕ ij , satisfying Assumptions 1,2. Taking σ ij = x j − x i , the system (1),(4) is rewritten as followṡ
(10) L 2 -consensus property (9) means that the uncertain system (10) is absolutely stable (see e.g. Popov (1973) , Yakubovich (2000) , Yakubovich (2002) ) in the aforementioned class of nonlinear protocols. Lemma 3. Suppose Assumption 2 to be valid and the protocol (4) provides L 2 -consensus (9) is achieved . Then asymptotic consensus (2) is also achieved. Indeed, for any pair i, j the coupling ϕ ij (t, x j (t) − x i (t)) is L 2 -summable on [0; +∞), thus both functions x j − x i anḋ x j −ẋ i are square summable for any i, j. So the limit exist
which is evidently equal to 0.
Thus we may get concentrated upon the proof of L 2 -consensus only. The following theorem gives sufficient condition of the asymptotic and L 2 -consensus. Theorem 4. Suppose Assumptions 1-2 to be valid and
where d j = |N j (G)| stands for the degree of j-th node in the graph G. Then the protocol (4) provides asymptotic and L 2 -consensus, i.e. conditions (2), (9) hold. Furthermore, the number C in (9) depends on τ ,µ, δ and N only.
Proof of the Theorem 4 is given in the next section. Remark 5. If (11) holds, then any linear protocol (4) with ϕ ij (x) = αx with 0 < α ≤ µ provides the asymptotic consensus with exponential convergence rate.
Indeed, in this case the matrix from (6) has the form L = αL(G), where L(G) is the common Laplacian matrix of the graph G (C. Godsil (2001) ,Olfati-Saber and Murray (2004)). It is known (see e.g. Anderson and Morley (1985) 
Thus τ satisfies (7), which proves the remark. Remark 6. Notice that τ nlin is independent of δ, so the protocol (4) provides asymptotic and L 2 -consensus if
for some sufficiently small ε > 0. But analyzing the proof (see the next section), one may see that the constant C > 0 tends to +∞ when ε → 0.
As shown in Proskurnikov (2010) , the inequality τ < τ 0 = 1 2(N −1)µ guarantees consensus for arbitrary switching topology, preserving connectedness. It is easily seen that even for the complete graph (max d j = N − 1) one has τ * /τ 0 = π/2. For sparse fixed graphs, τ 0 gives too conservative bound for the maximal possible delay.
PROOFS.
The proof of the Theorem 4 exploits the absolute stability theory methods, namely the Popov integral estimation methods (Popov (1973) ,G.A. Leonov (1996) ) in the form proposed by V.A.Yakubovich (see Yakubovich (2002) , Yakubovich (2000) ).
The key idea of the method is as follows. We say the vector function x(t) = (x 1 (t), . . . , x N (t))
T to be L 2 -convergent if
On the first step we show that under Assumptions 1,2 any L 2 -convergent solution x(t) of the system (4) satisfies (9). In particular, for fixed initial data all protocols (4) give L 2 -convergent solution with uniformly bounded L 2 -norm of
The second step is to prove absence of solutions without L 2 -convergence property, or in terminology of Yakubovich (2000) , to prove minimal stability of the uncertain nonlinear systems in question. To do this, we show that given T > 0 and a solution x(t) of the system (1), (4) defined on [0; T ], one can prolong x(·) with a functioñ x(·) : [0; +∞) → R, satisfying (9) with C > 0 independent on T > 0 and initial data. Since T > 0 is arbitrary, any solution of the system (1),(4) satisfies (9).
Throughout the section we assume the condition (11) to hold. For further explanation it is convenient to consider a linear systeṁ
which demonstrates the asymptotical consensus with exponential convergence rate, see the Remark 5.
In order to proceed with the first step, i.e. to prove the estimate (9) for L 2 -convergent solutions, we need some auxilliary techniques. The key role is played with the following lemma that is a corollary of Yakubovich (2002), Lemma 2. Lemma 7. Let Z be a Hilbert space with the inner product < ·, · > and Z 0 ⊂ Z is its closed subspace. Consider a continuous Hermitian form F (z) =< Hz, z > (with H = H * bounded linear operator) that is strictly negatively definite on Z 0 , i.e. a number ε > 0 exists such that F (z) ≤ −ε z 2 for any z ∈ Z 0 . Then for any a ∈ Z and γ ≥ 0 the set of all vectors z ∈ a + Z 0 , such that F (z)+γ ≥ 0, is bounded. Moreover, C > 0 exists such that z 2 ≤ C( a 2 +γ) whenever z −a ∈ Z 0 and F (z)+γ ≥ 0.
In order to apply Lemma 7, one needs to put the uncertain solutions inquired into affine subspace a + Z 0 of some Hilbert space Z, prove them to satisfy some quadratic constraint F (z) + γ ≥ 0 and then prove that F is strictly negatively definite on the linear subspace Z 0 . We realize this program in several steps.
Throughout this section let σ and ξ stand for the matrices σ = (σ jk ), ξ = (ξ jk ), with 1 ≤ k, j ≤ N .
Let Z be a Hilbert space of all functions
). By Z 0 we denote the subspace of Z, constituted by all functions σ(t), ξ(t) such that σ ii (t) = ξ ii (t) = 0, ξ ij (t) = −ξ ji (t), ξ ij (t) ≡ 0 for i, j not adjacent in G and σ(·) is absolutely continuous, satisfying the system of equations as followṡ
with σ(0) = 0 and ξ kj (t) = 0 for t < 0.
For any solution of the closed loop system (1), (4) consider a system of functions σ jk (t) = x k (t) − x j (t) and
The function z(t) = [σ(t), ξ(t)] is said to be associated with the solution x(t).
It is evident that L 2 -convergent solution x(·) is associated with the function z ∈ Z. In this case one has z −z ∈ Z 0 , where the functionz ∈ Z is associated with the solution of the linear system (12), having the same initial data as x(·):
for almost all t < 0. Evidently, z continuously depends on the vectors
For any θ, ν > 0 consider quadratic functionals as follows
It appears that for sufficiently small θ the functional F θ,ν (z) is bounded from below on the set of functions, associated to L 2 -convergent solutions of (1), (4) with fixed initial data and couplings, satisfying Assumptions 1,2. Lemma 8. Suppose that z(·) ∈ Z given (14) is associated with some solution of (1), (4), Assumptions 1,2 being fulfilled. Let
Proof. Note that due to Assumption 2, one has
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As shown in Fiedler (1973) , the latter sum is not less than
= (µσ jk − ϕ jk (σ))σ jk , so it is obvious that the left side of (16) is not less than −ν N j,k=1 Φ j,k (σ jk (0)). Notice now that Φ j,k (x) ≤ µx 2 /2, so one can take C = µν/2. Now our goal is to prove negative definiteness of F θ,ν for small θ > 0 and appropriate ν. The following lemma is a straightforward consequence of the Plancherel theorem. Lemma 9. Let p(A) = max ω∈R ( sin ω ω − A cos ω). By definition we take here sin 0/0 = 1. Suppose that θ > 0 and
Then F θ,ν (z) is strictly negative definite on Z 0 .
ξ kj (here k = 1, 2, . . . , N ). Denote byσ kj (iω),ξ kj (iω) and η k the Fourier transforms of the correspondent functions σ kj , ξ kj , η k and let * stands for the complex conjugation. Then (13) implies that iωσ mk = (η k −η m )e −iωτ . Thus
(we used that ξ ij = −ξ ji and the definition of η j ). Thus
Due to the Plancherel theorem one has
thus be definition of p(A) one has Thus, taking θ < θ 0 and ν = 4µτ π 2 we obtain due to (11) that the functional F θ,ν is strictly negative definite on Z 0 and satisfies (16). The proposition is obvious from lemmas 7,8,9,10. Corollary 11. Suppose that (11) holds. Then a constant C > 0 such that whenever a family of functions x j (t), u j (t) (j = 1, 2, . . . , N ) is L 2 -convergent solution of (1),(4) satisfying Assumptions 1,2, the inequality (9) holds.
In order to make the second step, i.e. to show all of the solutions of (4) to be L 2 -convergent, we need the following auxiliary construction. Suppose that a number T > 0 and a solution (x j (t), u j (t)) N j=1 of the system (1),(4) defined on [0; T ] and let z(t), t ∈ [0; T ], be associated with this solution. Consider the solution of the system (12) with initial datax i (t) = x i (t+T ), t ∈ [−τ ; 0] and x i (0) = x i (T ). Denote byz(·) ∈ Z the function, associated withx(·). Prolong z(t) for t > T as follows: z(t) =z(t − T ), t ≥ T . Since µσ kj −ξ kj = 0 by construction ofz and the system (12) demonstrates asymptotical consensus with exponential rate (and in particular, L 2 -consensus), the it is easily shown from (16) that the constraint is fulfilled for some M > 0, independent on T > 0 and initial data. Applying lemmas 7,9,10 again, we conclude that functions z(·) obtained in this way are uniformly bounded in L 2 -norm, thus any solution (x j (t), u j (t)) N j=1 of the system (1),(4) is in fact L 2 -convergent, which proves Theorem 4.
